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Abstract 

We give a partial description of the (s,t) — p-path polytope of a directed 
graph D which is the convex hull of the incidence vectors of simple directed 
(s,t)-paths in D of length p. First, we point out how the {s,t) — p-path 
polytope is located in the family of path and cycle polyhedra. Next, we 
give some classes of valid inequalities which are very similar to inequal- 
ities which are valid for the p-cycle polytope, that is, the convex hull of 
the incidence vectors of simple cycles of length p in D. We give necessary 
and sufficient conditions for these inequalities to be facet defining. Fur- 
thermore, we consider a class of inequalities that has been identified to 
be valid for (s, i)-paths of cardinality at most p. Finally, we transfer the 
results to related polytopes, in particular, the undirected counterpart of 
the (s, t) — p-path polytope. 

1 Introduction 

Given a directed graph D ~ {V, A) , we say that a subset 

P = {(*1,«2), (j2,«3), ■ • ■ , 

of A is a directed simple (s, i)-path if k > 2, all nodes ii, . . . , ifc are distinct, s is 
the origin, and t is the terminus, that is, s = ii, t = i^. Below a directed simple 
path will be sometimes denoted by a tuple of nodes. For example, (ii, 12, «3, ia) 
denotes the path 12), («2, ^3), (*3, «4)}- In this paper we study the facial 
structure of the (s,i) — p-path polytope ^'f(_path(^) which is the convex hull 
of the incidence vectors of directed (s,i)-paths with exactly p arcs. The corre- 
sponding (s, t) —p-path problem, that is, the problem of finding a minimum cost 
(s, t) — p-path , is NP-hard, since for p = n and negative arc cost it is equivalent 
to the Hamiltonian (s,f)-path problem. So for general p we cannot expect to 
obtain a complete and tractable linear characterization of the (s,t) — p-path 
polytope Plt-p.,^{D). 

A lot of path and cycle polyhedra are well studied. Dahl and Gouveia [6] 
gave some valid inequalities for polyhedra associated with the directed hop- 
constrained shortest path problem which is the problem of finding a minimum 
(s, t)-path with at most p arcs. Dahl and Realfsen [7] studied the same problem 
on acyclic directed graphs, in particular, on 2-graphs. The dominant of the 
directed (s, i)-path polytope which is the Minkowski sum of the convex hull 
of the incidence vectors of simple (s, <)-paths and the Euclidean space is 
determined by nonnegativity constraints Xij > and cut inequalities x{C) > 1 
for all (s,t)-cuts C (see Schrijver [15], chapter 13). The cycle polytope Pc{Dn) 
which is the convex hull of the incidence vectors of all simple directed cycles 
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of the complete directed graph has been investigated by Balas and Oosten 
[1], while the undirected counterpart, the circuit polytope, has been studied by 
CouUard & PuUeyblank [5] and Bauer [2]. Hartmann and Ozliik [10] gave a 
partial description of the p-cycle polytope P^{Dn) which is the convex hull of 
the incidence vectors of all simple p-cycles of D„. Maurras and Nguyen [12, 13] 
studied the facial structure of the undirected analog. Finally, Bauer ct al. [3] 
also studied the cardinality constrained circuit polytope, which is the convex 
hull of the incidence vectors of all undirected simple cycles with at most p edges 
on the complete graph if„. 

The present paper is motivated by the observation that the (s,t) — p-path 
polytope is closely related to the polyhedra mentioned in the last paragraph 
and it has an exposed position among them. Indeed, valid inequalities for the 
(s, t) — p-path polytope can easily be transformed into valid inequalities for some 
related polytopes, for example, by lifting. A first overview is given in Figure 1. 
An arrow there means that facet defining inequalities (or some classes of facet 
defining inequalities) of the polytope at the tail of the arrow can be transformed 
into facet defining inequalities for the polytope at the head of the arrow, where 
G and D are appropriate graphs and digraphs, respectively. 

The remainder of the paper is organized as follows: In Section 2 we propose 
an integer programming formulation of the (s, t) — p-path polytope and describe 
how valid inequalities can be lifted to valid inequalities of the p-cycle polytope. 
Section 3 contains the study of the facial structure of the (s, t) — p-path polytope 
Pg t-path(^) on an appropriate digraph D. Finally, in Section 4 we transfer the 
results of Section 3 to the polytopes mentioned that are related to the (s, t) —p- 
path polytope -Pf^t_path(-D)- 
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Figure 1. The {s,t) — p-path polytope -Pft_path(^) ^^^^ related polytopes. 
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2 Basic results 

We start the polyhedral analysis of the (s, t) — p-path polytope with an integer 
programming formulation. In the sequel, D = (V, A) is a digraph on node set 
V = {0, . . . ,n} whose arc set A contains neither loops nor parallel arcs. The 
nodes s and t will be identified with the nodes and n, respectively. Con- 
sequently, the (0, n) — p-path polytope will be denoted by -Pq „_patii(^)- The 
integer points of Po'„_patii(^) ''^^'^ characterized by the system 

x(<5-(0)) = 0, (1) 

x{6+{n)) = 0, (2) 
( 1 if i = 0, 

x{5+ii))~x{S-{i)) = l OifieV\{0,n}, (3) 
[ — 1 if i = n, 

xiA)^p, (4) 

x{5+{i)) < 1 V t eV\{0,n}, (5) 

x{{S ■.V\S))>x{S+{j)) VS-C V^,3 < IS*! < n-2, (6) 

0,71 G S,j eV\S, 

X,, £{0,1} V A (7) 

Here, we denote by S^{k) and 6^ (k) the set of arcs directed out of and into node 
fc, respectively. For an arc set F <Z A we set x{F) := j)eF •'^y ' ^'^^ ^'^^ ^^^^ 
node sets S,T of V, {S : T) is short for {(i, j) G A\i G S,j e T}. Furthermore, 
in the following we denote by A(S) the subset of arcs whose both endnodes are 
in S, for some S* C \/. 

The incidence vectors of node-disjoint unions of a (0, n)-path and cycles on 
node set V\ {(0, n)} are described by the equations (l)-(2), the flow constraints 
(3), degree constraints (5), and the integrality constraints (7). The one-sided 
min-cut inequalities (6) are satisfied by all (0, n)-paths but violated by unions 
of a (0, n)-paths and cycles on y \ {0, n}. Finally, the cardinality constraint (4) 
ensures that all (0, n)-paths are of length p. 

Complete linear descriptions of n--pa.Va{-^) ^'^'^ P ^ 1:2,3 are given in Table 
1, where D is the complete digraph on node set {0, . . . , n}. The results for p = 2 
and p — S follows from the fact that a (0, n) — 2-path visits exactly one internal 
node and a (0, n) — 3-path contains exactly one internal arc. Since the number 
of internal nodes is ri — 1, the dimension of P'o „_path(-^) ^ 2, and since the 
number of internal arcs is {n — l){n — 2), the dimension of „_path(^) equal 
to (n - l)(n - 2) - 1 = 71 ~ 3n 1. The (0, n) - 1-path polytope -Po.„_path(^) 
has clearly dimension and is determined by the equations xo„ = 1 and Xij — 
for all {i,j) <E A \ {(0, n)}. We suppose in the sequel that A contains all arcs 
{i,j), where i ^ j G V , except the arcs (i, 0), (n, i) for i ~ 1, . . . ,n ~ 1, (0, ri), 
and (n, 0). 

Contracting the nodes and n to the single node n we obtain the complete 
digraph Dn on n nodes, and we see that the set of simple (0,n) — p-paths 
defined on D can be identified with the set of simple p-cycles defined on Dn 
that contain node n. Hence, the (0,7i) — p-path polytope Pon-pathi^) ^^'^ 
the node constraint cycle polytope P^(_D„)|„ := {x G P^(D„)|a;((5+(n)) ~ 1} 
are isomorphic. In particular, when p — P'q „_path(-^) isomorphic to the 
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Table 1. Polyhedral Analysis of -Pq „_path(-^)' where D is the complete digrah 
on node set {0, . . . , n}. For p = n, P'q „_path(^) equivalent to the asymmetric 
traveling salesman polytope defined on n nodes. 



p 


Dimension 


Complete linear description 


1 





XOn = 1 

X,, ^0 V(i,j) e^\{(0,i)} 


2 


71-2 


x(J-(0)) =0 
x{S+{n)) =0 

=0 yii,j)eAiV\{0,n}) 

X[0 [U) ) — i 

xoj - Xjn =0 y j eV \ {0, n} 
xoj >0 Vjel/\{0,n} 


3 


- 3n + 1 


a;(5-(0)) =0 
a;((5+(n)) =0 
x{A{V\{0,n})) =1 

=xoj+Xi„ Viey\{0,?i} 
x{d~{i)) = xoi + yieV\{0,n} 

x^J >0 eA{V\{0,n}) 






Partial linear description 


4 

n - 1 


- 2n - 1 


equations (l)-(4) 
see Section 3 



asymmetric traveling salesman polytope which has dimension — 3n + 1 (see 
[9]). Furthermore, Hartmann and Ozliik [10] showed that Pp(Z?„)|„ is a facet 
of the p-cycle polytope if 4 < p < n. For 4 < p < n, the p-cycle polytope 
has dimension ri^ — 2n and therefore the dimension of n-path(-^) equal to 
— 2n — 1. Moreover, this relation leads to the following theorem obtained by 
standard lifting (see Nemhauser and Wolsey [14]). 

Theorem 2.1. Let ax < oq be a facet defining inequality for the (0, n) — p-path 
polytope Pq n-pathi^)' where A < p < n, and let 7 be the maximum of a{C) over 
all p- cycles C in D . Setting Oni '■— a^i for i = l,...,n — 1, the inequality 

n n 

"y^y + ("^ ~ ao)xi6+{n)) < 7 (8) 

defines a facet of the p-cycle polytope P^(Dn), where Dn is the complete digraph 
on node set {1, . . . , n}. □ 

This easy but fundamental relation between the (0, n) — p-path polytope 
-^0 n-path(-^) ^^'^ p-cycle polytope P^{Dn) also holds between other length 
restricted path and cycle polytopes (see [16]). This fact imphes that it would 
be profitably to study first the facial structure of a length restricted directed 
path polytope and afterwards that of the corresponding cycle polytope. In our 
special case, the p-cycle polytope is already well studied; so we will proceed in 
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the opposite dhection, that is, starting from the results for the p-cycle poly- 
tope P^,{Dn) given by Hartmann and Ozliik [10] we will prove in many cases 
analogous results for the (0, n) — p-path polytope ^o'„_path(-^) ^'^^ 
prising that this can be often done along the lines of the proofs of the authors 
mentioned above. Lemma 2.2 adapts Lemmas 2 and 6 of Hartmann and Ozliik 
[10] for our purposes. The other statements of this section can be proved in the 
same manner as the original statements in [10]; so we omit their proofs. 

Lemma 2.2 (cf. Lemmas 2 and 6 of Hartmann and Ozliik [10]). Let 

3 < p < n, c be a row vector, s,t G V , s ^ t, and i? C V\{s,t, 0, n}. There are 
X, TTs, TTt, and {tTj Ij G R} with 

Csi = A + - VieR, 
Cit = A + TTj - TTt Vie R, 
Cij = A + TTj - TTj V e A{R), 

if one of the following conditions holds: 

(i) \R\ > 5 and Cik+Ckj — cu+cij for all distinct nodes i G RLS{s}, j G RU{t}, 
k,l e R. 

(a) > J5 > 4 and c(P) = 7 for all (s, t) — p-paths P , whose internal nodes 
are all in R. 

(Hi) \R\ = p — 1, c(P) = 7 for all {s,t) — p-paths P, whose internal nodes are 
all the nodes of R, and c{P) = S for all (s, t) — r-paths P, all r ~- I of 
whose internal are in R, for some 2 < r < p. 

(iv) p — 3, \R\ > 3, c(P) = 7 for all {s,t) — 3-paths P, whose internal nodes 
are all in R, and c{P) ~ 6 for each (s,t) — 2-path P whose inner node is 
in R. 

Proof, (i) In particular, Cik + Ckj = cu + cij for all distinct nodes i,j, k,l Cz R. 
Using Lemma 2 of Hartmann and Ozliik [10], it follows that there are A and 
{tTj \j G R} with 

Cy = A + TTj-TTj y{i,j)eA{R). 
Next, setting tt^ :~ Csk + 7''/c — A and tt^ :^ X + tt^. ~ c^t for some fc G i?, we derive 

Csi = Csk + Ckl - Cil = X + TTs - n,, 
Cit = Ckt + Clk - cu ^ X + TTi - TTt 

for all i £ R. 

(ii) First, let |i?| > 5. Since |i?| > p, for all distinct nodes i,j, k,l G R there 
is a {s,t) — p-path that contains the arcs and {k,j) but does not visit 

node I. Replacing node k by node I in P yields another (s,t) — p-path and thus 
Cik + Ckj = Cii + cij for all distinct nodes z, j, kj G R. Lemma 2 of Hartmann 
and Ozliik implies that there are A and {ttj \j G R} such that Cy = A + tt^ — tTj 
for all (i, j) G A{R). Set tt^ := Csk + tt^ — A and TTt A + tt; — c/t for some 
k ^ I G R. Any (s, t) — p-path whose internal nodes are in R and that uses 
the arcs (s,fc), (l,t) yields 7 = pA + tTs — TTt- Further, considering for i G i? a 



5 



6 



Riidiger Stephan 



(s, t) — p-path P whose internal nodes are in R and that uses the arcs (s, i), (Z, t) 
yields Csi = X + tTs — T^i for all i £ R. Analogous it follows that Cjt = X + ttj —TTt 
for all j G R. 

Next, let \R\ ~ p = 4. Without loss of generality, we may assume that 
R = {1,2,3,4}. Setting Q := {1,2,3} and identifying the nodes s and t, 
Theorem 23 of Grotschel and Padberg implies that there are ag, Pti € Q}, 

and {(3j\j e Q} such that 

Csi = Qfs + A VieQ, 

cy = a, + V(i,j)eA(Q), 

Cit = a^ + Pt ^i€Q. 

Considering for any two nodes i ^ j ^ Q the (s, t) — 4-paths (s, 4, k, i, t) and 
(s, 4, fc, j, i), where k is the remaining node in Q, we see that cui + = Ckj + Cjt 
which implies that ai + f3i = Uj + (3j for alH, j e Q. Denoting by A this common 
value and setting tt^ := as, ttj := aj for j = 1,2,3, and TTt A — /?t, yields 
Cs,; = A + TTs — TTi, Cit = A + TTj — TTt for 1 = 1,2, 3, and = A + tt^ — tt^ for all 
(i, j) e ^(Q)- Now setting tt^ := A + tt^ — Cs4, we see that ca = X + tt^ — ttj, 
Ci4 = A + TTj — 7r4, and C4i = A + 774 — tt^ for i = 1,2, 3. 

(iii) This is Lemma 6 of Hartmann and Ozliik [10]. 

(iv) Without loss of generality, let 1, 2 S i?. Condition (iii) implies that there 
are A, tt^, tti, 7r2, and iTt with the required property restricted on Q := {1,2}. 
Further, it follows that 7 = 3A + tTs — ttj and 5 = 2A + tt^ — TTj. Setting 
TT,; := A + TTs — Csi for all i £ i? \ Q, wc sec immediately that cu = X -\- TTiTTt for 
all i E R\Q. Thus we also obtain Cy = A + tt — tt j for all («, j) G □ 

Equivalence of inequalities is an important matter when studying polyhcdra. 
Two valid inequalities for the (0,n) — p-path polytopc ^'o„_path(^) equiv- 
alent if one can be obtained from the other by multiplication with a positive 
scalar and adding appropriate multiples of the flow conservation constraints (3) 
and the cardinality constraint (4) . Clearly, two valid inequalities define the same 
facet of -Pq „_path(-^) only if they are equivalent. For the next theorem 

that establishes a relationship between a linear basis of equality system (3), (4) 
and the arcs defining it we introduce the following two definitions: a balanced 
cycle is a (not necessarily directed) simple cycle that contains the same number 
of forward and backward arcs and an unbalanced 1-tree is a subgraph of D con- 
sisting of a spanning tree T plus an arc {k,l) whose fundamental cycle C{k,l) 
is not balanced. 

Theorem 2.3 (cf. Theorem 3 of Hartmann and Ozliik [10]). Let n > 2 

and let H be a subgraph of D. The variables corresponding to the arcs of H form 
a basis for the linear equality system (3), (4) if and only if H is an unbalanced 
1-tree. □ 

Corollary 2.4 (cf. Corollary 4 of Hartmann and Ozliik [10]). Let cx < cq 

be a valid inequality for ^^_^^^fJ^D), and let values bij be specified for the arcs 
{i,j) in an unbalanced 1-tree H. Then there is an equivalent inequality c'x< c'q 
for which c'^j ~ bij for all arcs (i, j) £ H . □ 

Corollary 2.5 (cf. Corollary 5 of Hartmann and Ozliik [10]). Let 3 < 

p < n, c be a row vector, s £ V \ {n}, t £ V \ {0}, s t, R C V \ {s,t,0, n} 
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with \R\ > 1, let either o] the conditions of Lemma 2.2 be satisfied, and suppose 
that Cij = (3 holds for all {i,j) in an unbalanced 1-tree H on R. Then Cij = /3 
for all i,i e R. Moreover, there are a and t with Cgi = a and ca — t for all 
i G R. 

Proof. Ill either case, Lemma 2.2 imphes that there are A, tt^, ttj, and {tTj \ j G R} 
with 

Csi = X + TTg — TTi V i G R, 
Cu = A + TTi - TTt V i G R, 
Cij = A + TTi-TTj V (Z, j) G 

Without loss of generahty, let tt^ = for some k £ R. Theorem 2.3 then implies 
that X ~ f3 and ttj ~ for all j G R. Thus, Csi ~ P + tTs and cu ~ f3 — TTt for all 
ie R. □ 

The next theorem can be used to lift facet defining inequalities for the (0, n) — 
p-path polytope -Pq „_path(-^) ^^^'^ facet defining inequalities for -Pq „_path(^')i 
where D' = Dn+k+i — {S~ {0)U6~^ (n)) . Before stating it we need some definitions. 
A subset _B C A of cardinality p is called a p-bowtie if it is the union of a (0, n)- 
path P and a simple cycle C connected at exactly one node. The p-bowtie B is 
said to be tied at node k if V{P) H V{C) = {k}. A facet F of Pg^.p^thi^) is 
called regular if it is defined by an inequality cx < cq that is not equivalent to 
a nonncgativity constraint Xij > or a broom inequality 

x(((5+(i)) > + Xik (9) 

for some internal node i, where j = fc is an internal node or j — and k ~ n. 
Note that F is already regular if for each internal node k, there is a (0, n)— p-path 
P with c(P) < Co that does not visit node k (see [10]). 

Theorem 2.6 (cf. Theorem 8 of Hartmann and Ozliik [10]). Suppose 
that cx < Co induces a regular facet of P^ ^_^^^|^{D) , where 3 < p < n. Let k be 
an internal node such that c{B) < cq for all p-bowties B tied at node k and let 
5k be the maximum of c{T) over all 0,n-paths T of length p — 1 that visit node 
k . Then 

n—l n 

CX+ ^ + (co - 5k)[Xk^n+l + Xn+l,k] < Co (10) 

i=0 j=l 

defines a regular facet of Pg n-pathi-^')' where D' is the digraph obtained by 

subtracting from the complete digraph on node set {0, . . . ,n + 1} the arc sets 

{5-{{)) and 5+{n)). □ 

Since inequality (10) is obtained by copying the coefficient structure of node 
k, one refers to this process as "lifting by cloning node fc" . In order to show that 
a class K, of regular inequahties define facets of the (0, n) — p-path polytope it 
suffices to show it for a subclass IC' C K, from which the remaining inequalities 
in /C \ /C' can be obtained by cloning internal nodes. The members of a minimal 
subclass /C' (minimal with respect to set inclusion) are said to be primitive. 

Before stating the last theorem of this section we also need some definitions. 
Let be a subset of A, the auxiliary graph Gp is an undirected bipartite graph 
on 2n nodes vq,. .. ,w„_i, wi, . . . ,Wn, with the property that £ F if and 
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only ifGp contains the arc {vi ,Wj). Given a valid inequality cx < cq , a (0, ti) —p- 
path P is said to be tight if c{P) = cq. Moreover, we define the following 
equivalence relation on the arc set A: two arcs and (fc,Z) are related with 
respect to cx < cq, if there is an arc (/, 5) G A with aij ~ o-fg = o-ki and two 
tight (0, n) -p-paths Py , Pki such that (i, j), (/, g) g Pi^ and (fc, Z), (/, g) e Pm- 

Theorem 2.7 (of. Theorem 9 of Hartmann and Ozliik [10]). Let a> 

and ax < Gq be a facet defining inequality for Pq n^path^-^)' where 3 < p < n. 
Suppose that the auxiliary graph Gz for the arc set Z := S A\aij — 0} is 

connected, every tight (0, n) — p-path with respect to ax < oq contains at least 
one arc (i,j) G Z, and every arc {i,j) belongs to the same equivalence class with 
respect to ax < oq. Let R be a set of nodes, set q := p + \R\, and let t be the 
smallest number such that 

ax+t^x{5+{j)) <ao + \R\t (11) 

is valid for all (0, n) — q-paths on V^JR, and if \R\ > 2 suppose that at least one 
tight (0,?i) — q-path with respect to (11) visits r nodes in R with < r < |P|. 
Then (11) is facet defining for the (0, n) — q-path polytope onViJR. □ 

3 Facets and valid inequalities 

In the sequel we will show that the inequalities given in the IP-formulation, 
the nonnegativity constraints Xij > 0, as well as some more inequalities are in 
general facet defining for Pq „„path(-^)- Throughout, we assume that 4 < p < 
71 — 1. The inequalities considered in Theorems 3.1 - 3.5 were shown to be valid 
for the p-cycle polytope in Hartmann and Ozliik [10]. So they are also valid 
for -Pq n-path(^)' since the (0,n) — p-path polytope on D can be interpreted 
as the restriction of the p-cycle polytope on £>„ to the hyperplane defined by 
x{5+{n)) = 1. 

3.1 Trivial inequalities 

Theorem 3.1 (cf. Theorem 10 of Hartmann and Ozliik [10]). The 

nonnegativity constraint 

Xij > (12) 

is valid for Pq n-pathi-^) ^"-^ induces a facet of Pq n-pathi^) whenever A <p < 
71 - 1. ' 

Proof. When n < 6 and p = 4 or p = 5, (12) can be proved to induce a facet by 
application of a convex hull code (e.g. Polymake [8]), so we assume that n > 7. 
Suppose that cx = cq is satisfied by every x S ^0 n-path(-^) ^^^^ — 
At least one of the two nodes i and j is an internal node, because (0, 71) ^ A. 
Without loss of generality, we may assume that j £ {l,...,rt — 1} and set 
R \ {0, n, j}. By Corollary 2.4, we may assume that Cj^ = cqu, = c„,„ = 
for some w € R and Cki = for all arcs (fc, I) in some unbalanced 1-tree on R. 

Let q E Rii {0}, r,s E R, t £ RU {n} be distinct nodes and let P be a 
(0,n) — p-path that contains the arcs (g, r) and (r,t) but does not visit node 
s or use the arc (i,j). Substituting node r by node s in P we obtain another 



8 



Facets of the (s, t) — p-path polytope 



9 



(0,n) — p-path that does not use (i, j). Hence condition (2.2) of Lemmma 2.2 
holds and Corollary 2.5 implies that Cki = for all (fc, I) G A{V \ {j}) which 
also implies that cq = 0. 

Each (0,n) — p-path that uses the arc {j,w) but does not use the arc 
also satisfies (12) with equality, so Ckj = for all k ^ V \ {i,n,w}. Similar 
considerations yield Cjk = for all k G V \ {0} and c^j — ii w ^ i. Thus, 
Cki ~ for all arcs {k,l) ^ {hj) and therefore ex = cq is simply CijXij =0. □ 

Theorem 3.2 (cf. Theorem 11 of Hartmann and Ozliik [10]). Let j be 

an internal node. The degree constraint 

x{d+{j)) < 1 (13) 

is valid for Pq n-path^^) '^'^^ induces a facet of Pq n-pathi^) whenever 4 < p < 
n-1. 

Proof. Without loss of generality, we will show that x{S~^{l)) < 1 defines a 
facet of ^o'„_path(-^)- First we will show that Theorem 3.2 holds when p = 4. 
If ri = 5, x{S~^{l)) < 1 can be proved to define a facet using a convex hull code. 
Theorem 2.6 applied to node 2 yields then the result when n > 6. 

Secondly, we will investigate the case p > 5. Suppose that cx ~ cq is 
satisfied by every x E -Po„_path(^) "^^^^ 2:((5+(l)) = 1. By Corollary 2.4, we 
may assume that C21 ~ C02 = C2n = and Cij = in some unbalanced 1-tree 
on i? := {2, 3, . . . , rt — 1}. Since > _p — 1 > 4 and c(P) = cg — cqi for all 
(1, n)-paths P of length p — 1 whose internal nodes are all in R, condition (2.2) 
of Lemma 2.2 holds. Thus, Cy = for all («, j) G A{R U {n}) and cij = 1 for 
all j G R using Corollary 2.5. Now it is easy to see that cx ~ cq is simply 
x{S+{l)) = 1. □ 



3.2 Cut inequalities 

Theorem 3.3 (cf. Theorem 12 of Hartmann and Ozliik [10]). LetS CV 
and 0, n e S*. The min-cut inequality 

x{{S:V\S))>l (14) 

is valid for P^^^_p^^^{D) if and only if\S\ < p and facet defining for P^,^_^^^^{D) 
if and only if 3 < |5| < p and \ 5*1 > 2. 

Proof. The min-cut inequality (14) is valid for -Pg „_path(-^) °^^^y '^^ 1*^1 — 

since a (0, n) — p-path can be obtained in 5* if and only if \S\ > p + 1. When 
5*1 = 2, (14) is an implicit equation. When \V \S\ = \, n < p. So we suppose 
that 3 < |5| <pand |F\5'| > 2. 

First let l^l = 3. When \ 5| < 4, (14) can be shown to be facet defining 
by means of a convex hull code, so let \ 5| > 5. Let w.l.o.g. S = {0, 1, n} 
and suppose that cx = Cq is satisfied by every x e ^0 „_patii(^) ^^^^^ satisfies 
(14) with equality. Using Corollary 2.4, we may assume that cqi = 0, coii, = cq 
and Cwn = for some w G V \ S ^ as well as Cij = for all arcs («, j) in some 
unbalanced 1-tree H anV \ S. 

Let i e (V^ \ 5) U {0}, j G (F \ 5) U {n}, k,l gV\S he distinct nodes and 
let P be a tight (0, n) — p-path that contains the arcs (i,fc), (fc,j) but does not 
visit node I. Such a path P exists even when p = 4. Replacing node k by node 
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I yields another tight {Q,n) — p-path , and hence condition (2.2) of Lemma 2.2 
holds. Corollary 2.5 impHes that Cij = for all («, j) G A{V \ S), coi = cq, and 
Cin = for alH g F \ S. Now it is easy to see that cn = co and cn + ci„ — 
for all i \ S. Subtracting ci„ times the equation x(5^{n)) = 1 and adding 
cin times the equation x{{V \ S : S)) — x{{S : V \ S)) = 0, we see that cx = cq 
is equivalent to (cq — cin)x{S : V \ S) ~ cq — ci„. 

Secondly, let \S\ > 4. Let w.l.o.g. S = {0,1,2, q,n} for some q < p and 
suppose that cx = cq is satisfied by every x S -Pq „_path(-^) ^^^^ satisfies (14) 
with equality. Using Corollary 2.4. we may assume that cqi = ci„ = 0, cu ~ cq 
for all i G {V \ S), and Cy = for all arcs in some unbalanced 1-trcc on 
R ■.= S\{0,n}. 

Let P be the path {q + 1, . . . ,p — 1, n) and Q be the path (g + 1, . . . ,p,n) 
Then c{T) = cq — c(P) for all (Q,q + l)-paths F, whose internal nodes are all 
the nodes of R. Further, c(A) — cq — c{Q) for all (0, q + l)-paths A, all q of 
whose internal nodes are in R. Therefore, condition (2.2) of Lemma 2.2 holds 
and Corollary 2.5 impHes that dj = for all € A{RU {0}) and Q^g+i = cq 
for all i G R. Replacing node g + 1 by any other node in \ (in the above 
argumentation), we obtain Cy = cq for all (i, j) G {R : V \ S) . 

Next, consider for any arc G A{V \ S) a, tight (0,n) — p-path P that 

uses the arcs (0, 1), (1, 2), (2, j) and skips node i. Then the (0,7i) — p-path 
P' (P\ {(0,l),(l,2),(2,j)}) U {(0,2),(2,z),(i,j)} is also tight. Thus, we 
derive that = for all £ A{V \ S). Further, from the tight {Q,n) — p- 
paths that starts with the arc (0, 1) and use some arc {i,n) with i gV \ S 
deduce Ci„ — for all those arcs (i, j). Moreover, from the tight (0, n) — p-paths 
starting with the arc (0, 2) and ending with the arcs {i, 1), (1, n) for some i G V\S 
we obtain Cn = for i € V\S. It is now easy to see that coi = cq for all i G V\S, 
Cjn = for all j G R, and Cij = for all («, j) G {V \ S : R) (distinguish the 
cases p = 4 and p > 5). Therefore cx = cq is simply cox{{S : V \ S)) ~ cq. □ 

Theorem 3.4 (cf. Theorem 13 of Hartmann and Ozluk [10]). LetS dV 
and 0,n G S . The one-sided min-cut inequality 

xi{S ■.V\S))>x{6+{l)) (15) 

is valid for Plri-pathiD) for all I G V \ S , and facet defining for PQ^^-pathi^) 
if and only if \S\ > p + 1 and \ 5| > 2. 

Proof. The one-sided min-cut inequality (15) is valid, because all (0, n)— p-paths 
that visits some node I gV\S use at least one arc in {S : V\S). If IFyS*] = 1, 
then (15) is the flow constraint x{5-{l)) - x{5+{l)) = 0. If indeed |y \ 51 > 2 
but \S\ < p, then (15) can be obtained by summing the min-cut inequality (14) 
and the degree constraint —x{6^{l)) > —1. 

So suppose that \S\ > p + I and |F \ 5*1 > 2. Let w.l.o.g. I = 1 and set 
R:^ SU {1}. By adding to (15) the flow constraint x{6+{l)) - x{S-{l)) = 0, 
it can be easily seen that (15) is equivalent to 

xi{S:V\R))- x^l >0. (16) 

ieV\R 

Suppose that cx = cq is satisfied by every x G Pq n-pathi-^) ^^^^ satisfies (16) 
with equality. By Corollary 2.4, we may assume that Ci„ = for all i G V \ R 
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and Cij = for all arcs in some unbalanced 1-tree on R. Condition (2.2) 
of Lemma 2.2 is satisfied; hence, from Corollary 2.5 follows that = for all 

£ A{R) which also implies that cq — 0. 
Any (0,7i) — p-path that contains the arcs (l,i), {i,n) for some i E V \ R 
and whose remaining arcs are in A(R) satisfies (16) with equality. Since Cm = 
and Ca = for all a G A{R), it follows that cu — for all i G V \ R. Now 
considering tight (0,n) — p-paths that contain the arcs {i, j), {j,n) for 

some € A{V \ R) and whose remaining arcs arc in A{R), we see that 

Cij = for all {i, j) e A{V \ R). Further, the (0, n) — p-paths that use the arcs 
(l,i), tor i G V \ R, j G S \ {n} and whose remaining arcs are in A{R) 
yield Cij = for all E {V \ R : S \ {n}). Finally, considering for each 

G {S : V \ R) and k G V \ R a tight (0, n) — p-path that contains the arcs 
(*i j)i (ji 1) ^i^d a tight (0,n) — p-path that contains the arcs (i, j), (j,fc), (k, 1), 
we see that cji ~ Cki for all j, k e V\R, Cij = Cki for all (i, j), (fc, I) € {S : V\R), 
and Cij + Cki = for all [i, j) <E [S : V \ R), k E V \R. Thus cx = cq is simply 
c,kx{{S -VXR))- c,k E^ev\R - for some (j, k)e{S:V\R). □ 

Theorem 3.5 (of. Theorem 15 of Hartmann and Ozliik [10]). Let 

{R,S,T) be a partition of V and let 0,n G S. The generalized max-cut in- 
equality 

x{{S :T)) + J2 ^('^+(0) < L(P + Ii?|)/2J (17) 

is valid for the (0, n) —p-path polytope Pq n_path(^) f'^^ P ^ 4 and facet defining 
for PSn-pathiD) if and only if p + \R\ is odd, \S \ {n}\ > {p - \R\)/2, \T\ > 
(p- \R\)/2, and 

(i) p=\R\+ 3, \R\ > 2, and \S\ = 3, or 

(ii) p>\R\+ 5. 

Proof. Necessity. From x{A) = p and x{{S : T)) < x{(T : S)) + x{{T : R)) we 
derive the inequality 2x{{S : T)) + J2ieR^i^'^ i"^)) — P- Adding the inequality 
X]ie_R ^("^ "''(*)) — \P\i dividing by two, and rounding down, we obtain (17). 
When p + |i?| is even, then (17) is obtained with no rounding, and hence it is 
not facet defining. When |S'\{7i}| < (p- |i?|)/2 or |T| < {p-\R\)/2, then (17) 
is implied by degree constraints x{S^i)) < 1. 

Let P be any (0, n) —p-path and denote by r the number of nodes in R visited 
by P. Then \v{P) n {S \ {n} UT)\=p-r and hence x^{{S : T)) < (p - r)/2. 
This in turn implies that there is no tight (0,??,) — p-path if r < \R\ — 2, where 
\R\ > 2. Now, whenp = |i?|-|-3 and \S\ > 4, (17) is dominated by nonnegativity 
constraints Xij > for {i,j) G yl(S'\ {0, n}). Further, when p = |i?|-t-3, \S\ = 3, 
and \R\ = 1, (17) is dominated by the inequality (23). Finally, whenp < |i?|-t-l, 
(17) is dominated by some nonnegativity constraints, for example, Ci„ = for 
some i €z T. 

Suffiency. First we will show that (17) is facet defining if i? = 0. In this the 
case, the resulting inequality 

x{{S : T)) < Lp/2J = q (18) 

where p = 2q + 1, is called max-cut inequality. First, we show that (18) is facet 
defining for ^'(5'„_path(^)- If P = 5 and \S \ {n}\ = 3 or \T\ = 3, we will show 
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that (18) defines a facet using Theorem 2.6. The only primitive inequahties 
are those with n = 6 and by appUcation of a convex hull code, we see that in 
this case (18) is facet defining for -Pq „_path(^)- Moreover, (18) is regular, since 
for each inner node k there is a non-tight (0, n) — p-path that does not visit k. 
Without loss of generality, let T = {1, 2, . . . , t} and S = {t + 1, . . . ,n,0} for 
some A <t <n — A. 

Suppose that ex = cq holds for all x G -Pq „_path(^) satisfying (18) with 
equality. By Corollary 2.4, we may assume that co2 = 1, Q+i.n = 0, Cji = 1 for 
all j e S \ {n}, and cu = for aU i G T. 

First, consider any (0, n) — 2(j-path P that alternates between nodes in S and 
nodes in T, but does not visit node 1. Replacing any arc G P with i G 5, 
j G T by the arcs (i, 1), wc obtain a tight (0,n) — p-path , and therefore 
c{P) - = Co - 1 holds for aU (i, j) e P n {S : T). This in turn imphcs that 
Cij = 1 for all (j, j) G {S : T), since we have 3 < t < n — 3 and co2 ~ 1. Next, 
consider any tight (0, n) — p-path that uses arcs (i, k), {k, j) for i,j G S* \ {0, n}, 
k G T but does not visit node / G T. Replacing node k by node I yields another 
tight path which implies immediately Cik + Ckj = cu + cij . Similarly we obtain 
Cki + Cii = Ckj + Cji and thus Cik + Cki = Cji + cij for all «,j G S* \ {0,n} and 
k,l G T. Since t > 3 and Cik = Cji = 1, we see that there is some a with Cki = o 
for all fc G T, i G 5 \ {0, n}. Now consider any tight path that contains the arcs 
(1, t + 1), (t + 1, n) and does not visit some node I G T. Replacing node t + 1 by 
node I yields another tight (0, n) — p-path and hence ci.t+i + ct+i_n = cu + Ci„. 
Since ci.t_|_i — a and ct+\^n = cu ~ 0, this implies Ci„ = a for alH G T, Z 1. 
Of course, it follows also that ci„ = a. 

Finally, any tight (0, n)—p-path contains exactly one arc G A{S)UA{T), 
so Cij = Cq - q{l + a) for all (i, j) G A{S) U A{T). Due to Ct+i,„ = 0, this 
implies that — for all («, j) G A{S) U A{T). Adding a times the equation 
x{{S : T)) - x{{T : S)) = 0, we see that ex = cq is equivalent x{{S : T)) = q. 
This proves that (refoddmaxcut) is also facet defining when 0, n G T. 

When i? 7^ 0, we prove the claim by showing that the conditions of Theorem 
2.7 hold for (18). Since w = p - \R\ is odd and w > 5, x{S : T) < [u;/2j 
induces a facet of the (0, n) — w-path polytopc defined on the digraph = 
{V \ R, A{V \ R)). Let us denote this inequality by ax < oq. It is easy to see 
that the auxiliary graph Gz for the arc set Z = {{i,j)\aij = 0} is connected 
(cf. [10]). Further, each tight (0, n) — w-path contains two arcs (i, j) and (fc,Z) 
which are not adjacent and hence all arcs in Z are in the same equivalency class 
with respect to six < a^. Since there are tight (0,ri) — p-paths with respect to 
(17) that visit \R\ — 1 of the nodes in i?. Theorem 2.7 implies that (17) induces 
a facet of Pl^^_^^t\SP) unless (p = \R\ + 3, \R\ > 2, and\S\ = 3). 

Finally, suppose that p = \R\ + 3,\R.\ > 2, and |5| = 3. Without loss of 
generality, we may assume that S = {0, l,n}, 2,3 G i?, and 4, 5 G T. Suppose 
that cx = Co is satisfied by every x G Pq n-pathi^) ^'^^^ satisfies (17) with 
equality. By Corollary 2.4, wc may assume that C2j = 1 for all j G R, Ci2 = 
for all i G T, C32 = 1, C21 = 1, ci„ = 0, and co4 = 1. There are tight (0, n) — p- 
paths that visits a node I G T followed by all \R\ (or any |r| — 1) nodes in R 
and a node 1. Applying Lemma 2.2, we see that 

ci-j = \ + ni -TTj {j G R) 

Cij = A + TTj - TTj G R) 

Cim = A + TTj - TTni {l G R) 
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for some A, {tTjIj £ i?}, tt;, and tti. Let w.l.o.g. 7:2 ~ 0. Theorem 2.3 then 
implies that A = 1 and ttj ~ for all j G i?, Ci2 ~ implies that tt/ = — 1, 
and C21 = 1 implies that tti = 0. Thus, Cy = 1 for all (i,j) € ■A(R), Cij ~ 
for all i G T,j G R, and ca = 1 for all i E R. Next, considering any (tight) 
(0,n) — p-path P that uses the arcs (0, 4), (2, 1), (1, n) and visits all |i?| nodes 
in R yields cq ~ + 1. Replacing node 4 by another node j € T yields 
CQj = 1 for all j G T. Next, consider any tight (0,n) — p-path P that uses 
the arcs (0, i), (z, j), (j, 1) for some i,j G R. Then the (0, n) — p-path P' := 
(P\ {(0,i),(i,j),(j, 1)}) U {(0, j), (j,?), (i,l)} is also tight, and hence, cq^ = cqj 
for all i,j G R. Denote this common value by a. From the tight (0,n) — p- 
paths that visits the nodes 1 and t for some t € T and all nodes in R, we derive 
Cij = 1 — a for all i G R, j € T. Now it is easy to see that c™ = l + cr for all i € T. 
Considering any tight (0, n) — p-path that uses the arcs (0, 2), (2, 1), (1, 4), (4, 3), 
and (m, n) for an appropriate m € R yields a = 0. Thus, coi = and Cm ~ 1 
for all i G R, cij = 1 for all j G T, and Cy = 1 for all i € R, j G T. Determining 
the coefficients of the remaining arcs is an easy task. So we sec that ex = cq is 
simply (17). □ 

Theorem 3.6. Let (i?, S, T) he a partition 0/ V and let 0,n G T. The general- 
ized max-cut inequality 

x{{S : T)) + ^ xiS+i^)) < [{p + |i?|)/2j (19) 

is valid for the (0,n) ~p-path polytope Pq n-path^^) f'^^ P — ^ and facet defining 
for Pln-pathiD) if and only if p + \R\ 'is odd, \S\ > (p - \R\)/2, \T\0\ > 
{p- \R\)/2, and 

(i) p=\R\+ 3, \R\ > 2, and \T\ = 3, or 

(11) p>\R\+ 5. 

□ 

Theorem 3.7. Let {R, S, T) he a partition of V, let G S, and let n G T. The 

generalized max-cut inequality 

xiiS ■.T)) + Y. ^ Hp + 1^1 + 1)/2J (20) 

ieR^ 

is valid for the (0, n) —p-path polytope Pq n^pathi-^) f^^ P > 4 and facet defining 
for Pon-pathiD) if and only if p + \R\ is even, p > \R\ + A, \S\ > (p - \R\)/2, 
and \ f\ > {p^\R\)/2. 

Proof. From the equation x{A) = p and the inequality x{{S : T)) < x{(T : 
S)) + x{{T : i?)) + l we derive the inequality 2x{{S : T))+J2,eRxiS+{i)) < p+1. 
Adding the inequality X]ie_R ^('^^(0) — l^li dividing by two, and rounding down 
yields (20). If p+ \R\ is odd we obtain (20) without rounding and hence it is not 
facet defining for Po'',«-path(^)- When \S\ < [p - \R\)/2 or |T| < {p - \R\)/2, 
(20) is dominated by degree constraints x{5^{i)) < 1. Furthermore, we have 
to show that (20) is not facet defining if p < \R\ + 2. When i? = 0, it is clear. 
Otherwise consider any (0, n) — p-path P and denote the number of nodes in 
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R visited by P by r. It is easy to see that P is tight only if r > — 1. For 
the sake of contradiction, assume that p < \R\ and P is tight. Then we have 
r = |i?| - 1 and thus p = \R\ which imphes [{p + \R\ + 1)/2J = \R\. But 
X^iiS ■ T)) + XlieH c/ii'^((5+(i)) = \R\ — 1, so P is not tight, a contradiction. 
Hence, the only possibility is that p ~ \R\ + 2. Now, p = |P| + 2 implies that 
151, \T\ > 2 and L(P+ 1^1 + 1)/2J = |P| + 1- But then (20) is dominated by the 
nonnegativity constraints Xij > for all G A{S) U A{T). 

First, we show that (20) is facet defining when P = 0. In this case, p is even 
and (20) is the max-cut inequality 

x{{S:V\S))<[{p+l)/2\=p/2. (21) 

If p = 4 and |5| = 3 or |y \ 5*1 = 3, we will show that (21) defines a facet of 
^Ori-path(^) rising Thcorcm 2.6. The only primitive members of family (21) 
with p = A axe those with |5| = |F \ 51 = 3. Inequality (21) is obviously regular 
and using a convex hull code, we sec that (21) defines a facet of Pq „_path(-^)- 
Moreover, all p-bowtics tied at an inner node satisfy (21). 

If p > 6 suppose that the equation cx = cq is satisfied by every x S 
-Fo,n-path(-D) that satisfies ((21)) with equality. Let w.l.o.g. 1,2 e V\S. 
By Corollary 2.4, we may assume that co2 = 1, cn = 1 for all i £ S, and 
cij = for all j € V \ S, j ^ 1. Since \S\, \V \ S\ > 4, we can apply the 
same argumentation as in the proof to Theorem 3.5. Thus Cij = 1 for all 
(i,j) e {S : V\S), = a for all (z,j) G {V \ {S U {n}) : S \ {0}), for 
some (T, and Cy = for all € A{S) U A{T). Evaluating the cost of tight 
(0,n) — p-paths yields cq = § + (f — l)cr which implies that cx = cq is the 
equation x{{S : V \ S)) + ax{{V \ S* : S*)) = f + cr(f - 1). Adding a times the 
equation x{{S : V \ S)) — x{{V \ S : S)) = 1, we see that (21) is equivalent to 
xiiS ■.V\S))=p/2. 

Applying Theorem 2.7 to the (0, n) — w-path polytope defined on the digraph 
D* = {V \ P, A{V \ P)), where w =p~ |P|, proves that (20) is facet defining 
for Pln-^.t^{D) even for P ^ 0. □ 

Theorem 3.8. Let (P, S, T) be a partition of V, let e T, and let ne S. The 

generalized max-cut inequality 

xiiS : P)) + 5] x{6+ (»)) < Hp + |P| - 1)/2J (22) 

is valid for the (0, n) —p-path polytope Pq n-pathi-^) f'^^ P ^ 4 and facet defining 
for P'Sn-path{D) if and only if p + \R\ is even, p>\R\+ 4, \S\ > {p - \R\)/2, 
and\f\> {p-\R\)/2. □ 

Remark 3.9. If R — $, inequality (22) is equivalent to the inequality 

x{{T:S))<[{p+l)/2\, 

since in this case holds the equation x{{S : T)) — x{(T : S)) — 1. 

Theorem 3.10. Let9 =V\{0, 1, 2, 3, n}. The inequality 

xq3 - X3ri + 3x12 - X21 + 2xi3 - 2x31 - 2a:;2„ + 2x{{T : {3})) 
+x{A{T))+x{{{l}:T))-x{{T:{l})) + x{{T:{2}))~x{{{2}:T) > 

(23) 

is facet defining for P^s,t)~-pathiP')- 
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Proof. When \T\ = 1, the claim can be verified with a convex hull code. For 
|r| > 2 we apply Theorem 2.6. □ 

3.3 Jump inequalities 

Dahl and Gouveia [6] introduced a class of valid inequalities for the directed hop- 
constrained shortest path problem (the problem of finding a minimum (0, n)- 
path with at most p arcs) they called jump and lifted jump inequalities. Given 
a partition {Sq, 81,82, . . . ,8p, 8p+i) of V into p + 2 node sets, where 80 ~ {0} 
and S'p+i = {n}, these inequalities encode the fact that a (0, n)-path P of length 
at most p must make at least one "jump" from a node set 8i to a node set 8j, 
with j — i > 2. Transferring them to the (0, Ji) — p-path polytope and lifting 
them (see [6]) wc can give a sufficient condition for them to be facet defining 
for -Pq „_path(-^)- it seems to be hard to give a complete classification of 
the jump inequalities. 

Theorem 3.11. Let {80, 81, 82, . . . , 8p, 8p+i) be a partition of V , where 80 — 
{0} and S'p+i = {n}. The jump inequality 

p-i p+i 

^ x(iS^ ■■ 8j)) - x((8p-, U8p:8iU 82)) > 1 (24) 

i=0 j=i+2 

is facet defining for the (0,n) — p-path polytope Pon-pathi-^) */ 1*^*1 — ^ for 
i = l,...,p. 

Proof. We refer to an arc {i,j) as forward arc if {i,j) G {8k ■ 81) for some k < I 
and as backward arc if {i,j) € {8q : 8r) for some q> r. We say, the (0,n) — p- 
path P makes a "jump" with respect to (24)if P uses an arc {i,j) € {8k ■ 81) 
for some 0<k<l<p+l with l> k + 2. 

The jump inequahty (24) is vahd for Pq n-pathi-^) ' since it is valid for the 
path polytope Po^n-pa,thi^) which is the convex hull of all incidence vectors of 
simple (0,n)-paths with at most p arcs (see [6]). 

To show that (24) is facet defining for -Pq n-path(-^)' '^^ a-PPly Theorem 2.6. 
So we have to verify that the conditions of Theorem 2.6 hold for (24), when 
S'il = 2 for i = 1, . . . ,p, that is, when n = 2p + 1. In the sequel, let dx > 1 be 
such an jump inequality. 

Let B = PUC he any p-bowtie , where C is a simple cycle and P is a simple 
(0,n)-path. Since \P\ < p, d{P) > 1. When d{C) > 0, it follows d{B) > 1, too. 
Otherwise d{C) = — 1 and C is a cycle in 

|^y(5, :5,+i)j U{8p.,:82), 

since |C| < p — 2. Thus, the cardinality of C is equal to p — 2 and P is a 
(0, n) — 2-path that makes two "jumps" . Therefore, the jump inequality dx > 1 
is satisfied by all p-bowties . 

Further, dx > 1 is regular, since to each internal node k there exists a 
non-tight (0, n) — p-path that does not visit node k. 

It remains to be shown that dx > 1 is facet defining for Pq „_path(-^)- 
Without loss of generality, let 8i — {i,p + i} for i = 1, . . . ,p. When p — 4 or 
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p = 5, the inequality dx > 1 can be seen facet defining using a convex hull code. 
So let p> 6. Suppose that cx = cq is satisfied by every x G Pq n-pathi^) ^^^^ 
satisfies (24) with equality. Denoting by P the (0, 2p+ l)-path (0, . . . ,p, 2p+l), 
we may assume by Corollary 2.5 that c{P) ~ 0, co,p+i = 0, and Ci^p+i = 
for i = l,...,p. Substituting two connected arcs {i,j),{j,k) G P by the arc 
{i,k), wc see that Cm-i,m+i = cq for m = 1, . . . ,p — 1, and Cp_i,2p+i = cq. 
Next, replacing three connected arcs {i, j), {j, k), {k,l) G P with i > by the 
arcs {i,p + i),{p + i,l), we see that C2p-2,2p+i = cq and Cp+i.i+3 — cq for 
i = 1, ... ,p — 3. Further, replacing in these (0,n) — p-paths node i by node 
p + i — 1 (for i > 2) yields Cm,m+i ~ for m = p + 1, . . . , 2p — 3 and considering 
successively the (0,n) — p-paths 

(0,p+l,4,...,g,p + 9,...,2p+l) 

for q ~ p, . . . , 4, we see that even Cm,m+i = for m = p + 1, . . . , 2p, since 
p > 6. We can now easily deduce that Q^p+i+i = Cp+i = Cp^u = for 
i = 1, . . . ,p, Ca — Cq for all a € (Si : S'i+2) (i = 0, ... ,p — 1), and Ca = cq for 
all a G [Si : Si+3) (i = 0, . . . ,p — 2). Furthermore, for each arc a G (Si : 6*^+4), 
i = 0, . . . ,p — 3, there is a tight (0, n) — p-path containing a that docs not use 
any backward arc, which implies that Ca = cq for all those arcs a. Moreover, for 
each arc a G (Sm '■ Sm-i) there is a tight (0, n) — p-path that uses a, makes a 
jump from Si to 5^+4 for some i, and does not use any further backward arcs. 
Hence, Cq = for all a G (Sm ■ Sm-i), m = 2, . . . , m. It is now easy to see that 
the remaining coefhcients can be determined as required, and therefore, cx = cq 
is simply codx = cq. □ 

3.4 Cardinality-path inequalities 

The cardinality-path inequalities were originally formulated for the cardinal- 
ity constrained circuit polytope. They say that a (undirected) simple cycle of 
cardinality at most p never uses more edges of a (undirected) simple path P 
of cardinality p than internal nodes of P. This idea can be transferred to the 
(0, n) — p-path polytope. Before stating the next theorem wc introduce two no- 
tations. For any simple path P we denote its internal nodes by P. Furthermore, 
we define bid(P) := P U G P}. 

Theorem 3.12. Let s, t be internal nodes and P be a (s, t)-path of length p—1. 
The cardinality path inequality 

^a;((5-(i)) -x(bid(P)) > (25) 

is valid for the (0,7i) — p-path polytope Pq n^pathi^) '^'^'^ induces a facet of 
Pq n-pathi-^) */ '^^'^ '^^^y P ^ {4j 5} o.'^^d n > p + 2 or p > 6 and n > 2p — 3. 

Proof. Without loss of generality, let P ~ {1,2, ... ,p). 

Necessity. When p G {4, 5} and n = p + 1, (25) can be seen not to induce 
a facet using a convex hull code. When p > 6 and p-|-l<n<2p — 4, (25) is 
dominated by the nonnegativity constraints X2,p_i > and 2:^-1,2 > 0. 

Suffiency. When the conditions in Theorem 3.12 are satisfied and the cardi- 
nality of the node set 5* := {l,p,p-|-l, . . . , n— 1} is at most 4, (25) can be seen to 
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induce a facet using a convex hull code. So suppose that \S\ > 5 and cx = cq is 
satisfied by every x e -fo'„_path(-^) ^^^^ satisfies (25) with equahty. By Corol- 
lary 2.5 we may assume that Cjj+i = for j = 1, . . . ,p — 2, co.„_i ~ Cn-i,n — 0, 
and Cij = for all arcs in some unbalanced 1-tree on S. 

For any four distinct nodes i e S' U {0}, j, k G S, and I € S L) {n} there is a 
tight (0,n) — p-path that uses the arcs {i,k), {k,j) and skips node I. Replacing 
node k by node I yields another tight (0, n) — p-path and thus Cik+Ckj = cu +cij- 
Using Corollary 2.5 we obtain = for all G A{S U {0, n}) and therefore 
also Co = 0. 

In the following we distinguish the three cases p = A, p — 5, and p > 6. 
CASE 1: p = A 

From the (0, n) — 4-paths (0, 5,1,2, n) and (0, 1,2,3, n) we derive C2n = C3„ = 

and from the (0, n) — 4-paths (0, 1, 2, i, n) for i ~ p, . . . , n — 1 we derive C2i — 0. 

Next, considering the (0, n) — 4-paths (0,5,4, 3, ti) and (0,4, 3,2, n) yields 
C43 = C32 = 0. Hence, we can also deduce that c^j = for all j & S \ {4}. 

Further, from all tight (0, n) — 4-paths that use the arc (3, 4) we deduce that 
Cy + C34 = for e {(0, 2), (0, 3), (1, 3)} U {S : {3}). It follows analogously 
that CM + C21 = for aU (fc, I) £ {(0, 2), (0, 3), (4, 2)} U {S : {2}). In particular, 
C02 + C21 = C02 + C34 = which implies that C21 = C34 and hence, Cij + Cki ^ 
for aU (i, j) e {(1, 3), (4, 2)} U (5 U {0} : {2, 3}) and (k.l) £ {(2, 1), (3, 4)}. So 
cx = Co is obviously equivalent to (25). 

CASE 2: p = 5 

This case can be carry out similar as the case p = 4; so we omit this part of 
the proof. 

CASE 3: p > 6 

From the (0, n) — p-path (0, . . . ,p — 1, n) we derive that Cp_i_ri = 0. Further, 
setting T := {3, . . . ,p — 2}, it can be easily seen that c^ = for all i £ T,j £ 
{S\{l})U{n}. Next, for any arc £ {P\{p-1} : S'U{n}U{(p-l,?i)}) there 
is a tight (0, n) — p-path that uses the arcs (i, j) and (fc, k+ 1) for fc = 1, . . . , i — 1 
and whose remaining arcs are in ^4(5* U {0, n}). Hence, c^ = for all those arcs 
(i, j). Further, from the (0, n) — p-path (0, . . . ,p — 3,p,p — 1, n) we derive that 
Cp,p-i = 0. Moreover, for any node i £ 5 \ {1} there is a tight (0, n) — p-path 
that uses the arcs (0, 1), (1, 2), (2, i), (p,p — l),(p— l,ri) and whose remaining 
arcs are in A{S). Thus, C2i = for all i G 5 \ {1}. Considering further tight 
(0, n) — p-paths on node set S U {0,2,p — 1, n}, we see that also Cp-is = for 
all i £ S\{p} and C2ri = 0. Finally, considering successively the (0, n) — p-paths 
(0, . . . , i — 2,p,p — 1, . . . , z, n) for i = p — 2, . . . , 2, we find that Ci+i^,; = for 

1 = 2,...,p-2. 

It remains to be shown that C21 = Cp_i_p = a and c^ = —a for all arcs 
in Ufe=2^~(^) \ bid(P) for some a. From the two tight (0,7i) — p-paths 
(0, 4, 5, . . . ,p + 2, n) and (0, 4, 3, 2, l,p + l,p + 2, . . . , n) we derive that C21 — 
Cp-i^p. Denote this common value by a. Since to each arc (i, j) £ Ufe=2 \ 
bid(P) there is a tight (0, n) — p-path that uses cither the arc (2, 1) or (p — l,p) 
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and therefore, Cy ~ —a for all those arcs (i, j). Thus, cx = cq is simply 

ax{bid{P))-a x{S-{i))^0. 
ieV{P) 

□ 

4 Facets of related polytopes 

In this section, we derive facet defining inequalities for related polytopes from 
facet defining inequalities for the (0, n) — p-path polytope. We exploit three tools 
to do this; the first is Theorem 2.1 which can be applied to derive facets for the 
p-cyclc polytope. The two other tools were already mentioned in Hartmann 
and Ozliik [10]. They showed that the undirected counterpart cy < cq of a 
symmetric inequality cx < cq is facet inducing for the (undirected) p-circuit 
polytope P^{Kn) if cx < cq is facet inducing for P^{Dn). Here, cx < cq is 
called symmetric if ~ Cji for all i < j and the induced inequality cy < cq for 
P^,{Kn) is defined by Cij = Cij = Cji for all i < j. This concept can be adapted 
to the directed and undirected path polytopes in a modified version. We refer 
to 4.2. The third tool can be applied to the undirected/directed (0,7i) — p-path 
or p-cycle polytopes (basic polytopes), when relaxing the cardinality constraint 
x{B) = p to x{B) > p or x{B) < p, where B is the ground set (the arc set or 
edge set). The resulting upper and lower polytopes have one dimension more 
than their basis polytopes, respectively, and this fact can be exploited to lift 
facets of the basis polytope into facets of the related upper and lower polytopes 
(see 4.3). 

We illustrate the three tools by examples in the next subsections. In 4.2, we 
apply not only the second tool, but also give a short polyhedral analysis of the 
undirected counterpart of the (0, n) — p-path polytope. 

4.1 New facets of the directed p-cycle polytope 

Applying Theorem 2.1 to Theorems 3.7 and 3.8 we obtain some new facet defin- 
ing inequalities for the directed p-cycle polytope P^{Dn). 

Corollary 4.1. Let {{j}, R, S,T) be a partition of V . The inequality 
xiiS : im + xiiij} : T)) + x{{S : T)) + x(<5+ (*)) < [{p + \R\ + 1)/2J (26) 

i&R 

defines a facet of the p-cycle polytope P^(Dn) if p + \R\ is even, p > \R\ + A, 
\S\ >{p~ \R\)/2 - 1, and \T\ > (p - |i?|)/2 - 1. □ 

Corollary 4.2. Let {{j}, R, S,T) be a partition of V . The inequality 

x{5+{7-)) + xiiS : T)) + E ^('^^(*)) < Hp + 1^1 + 1)/2J (27) 

defines a facet of the p-cycle polytope P^(Dn) if p + \R\ is even, p > \R\ + 4, 
l^l >{p- \R\)/2 - 1, and \T\ > (p - |i?|)/2 - 1. □ 
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4.2 Facets of the undirected (0, n) — p-path polytope 

The undirected (0, n) — p-path polytope ^"[0 „] - path(^'"+i) ^^'^ symmetric 
counterpart of the directed (0, n)— p-path polytope ^'o n-path(-^)- Here, Kn+i = 
{V,E) denotes the complete graph on node set V — {0, . . . ,n}. Table 2 gives 
linear descriptions of ^'[o_„]_path(-^''^"+i) and -P[o,„]-path(^»+i)- ^hc complete 
polyhedral analysis of the [Q,n] — p - path polytope -Pjo „]-path(^''^n+i) begins 
with the next theorem and afterwards we will turn to the [0, n] ^ p - path 
polytopes Pf^_„j _ path(^^"+i) with 4 < p < n - 1. 

Theorem 4.3. Let K^+i = {V, E) he the complete graph on node set V = 
{0, ...,n}. Then 

dimPfo,n]-pat;.(^n+i) ^\E\-n-2. 

Proof. First note that each internal edge e ~ [hi] corresponds to two incidence 
vectors and P^'* of [0,n] - 3-paths as follows: P^'-^^ = ^m^mAiM ^nd 

pUA ^ ^[o,3Uj.i]-M_ Consider the points PC^'"-!), P^"-!''^) for fc = 1,. ..,7i-2 
and p(*'-'' for 1 < i < j < 71 — 2. It is easy to see that these \E\ — n — 1 points 
are linearly independent and thus, dimPj^ „]-path(^"+i) — 1^1 ^ ^ 2. 

Next, all incidence vectors of [0, n] — 3-paths satisfy the following system of 
linearly independent equations: 

yon = 0, (28) 

vim) = 1, (29) 
y{S{n)) = 1, (30) 
y{6{i)) ~ 2iy„, + y,n) = 0, z=l,...,n-l, (31) 

where 5{j) denotes the set of edges which arc incident with node j and y{F) — 
EeeF Ve for any F C E. This implies that dimPj3_„j_p^j.j^(A'„+i) < \E\-n-2, 
which completes the proof. □ 

Remark 4.4. Adding the equations (29)-(31), subtracting two times (28), and 
dividing by two, yields the equation 

n — 2 n — 1 

E E y^^- = 1- (32) 

i—l 

In the next theorem, Sin G {0, 1} for i = 1, . . . , n — 1. 

Theorem 4.5. A complete and nonredundant linear description of the [0, n] — 3- 
path polytope P[o „]-paift(-^'n+i) give.n by the equations (28)-(31), the nonneg- 
ativity constraints yij > for 1 < i < j < n, and the inequalities 



E ^inyin + E E 

i—l i—l j^i+1 



n — 2 11—1 ri X X 



2 

n-l 



y,j < 1 (33) 



for all {n - l)-tupels ((5i„, . . . , 5n-i.n) satisfying 1 < Y.'i^i < n - 2 
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Table 2. Polyhedral analysis of -P[o,„]-path(-^"+i) ^^'^ -f[o,n]-path(^^»+i)- 



p 


Dimension 


Complete linear description 


1 





yon = 1 

= y[i,j]eE\{[o,n]} 


2 


n-2 


yon = 
yim) = 1 

yoi-Vin = i = l,...,?l-l 
Voi > i = l,...,n-l 

yij = 1 < i < j < n - 1 



Proof. Validity. Let cy < 1 be some inequality of family (33). The edge set of 
the support graph G = {V,F), defined by F {e E E\ce ~ 1}, decomposes 
into two disconnected subsets F"- := {[i,n\ e F\din = 1} and F^" '■= F \ F", 
and as is easily seen, each [0,n] — 3-path P uses at most one edge of F in the 
subgraph G C K^+i. Hence, cy < 1 is vahd for Pj^ _ path(-^"+i)- 

Nonredundancy. Since the equations (28)-(31) are linearly independent, they 
induce a nonredundant description of the lineality space of Pjq n]-path(-^"+i)- 

Next, we prove that the inequalities given in Theorem 4.5 are nonredundant 
by showing that the set of induced faces is an anti-chain. Let Pi and P2 be 
from two different inequalities induced faces of Pj^ „]_path('^"+i)- When Pi and 
P2 are induced by nonnegativity constraints, they are clearly not contained 
into each other. If only one of them is induced by a nonnegativity constraint 
yij > {1 < i < j < n), say Pi, it follows immediately that P2 (fi F\. Since 
\y{F~"^)\ > 2, there is also a point pC^^') in Pi that is not in P2 and thus. 
Pi ^ P2. 

Finally, let both faces not induced by nonnegativity constraints. Denote the 
edge sets of the support graphs corresponding to Pi and P2 by Pi and P2, 
respectively. Since Pi E2 and P2 Ei, it follows also that Pi ^ P2 and 
F2 Fi. 

Completeness. We will show that each facet defining inequality cx < co for 
-^[0 n]-path(-^^"+i) equivalent to a nonnegativity constraint yij > (1 < i < 
J < n-) or an inequality of family (33). 

Adding appropriate multiples of the equations (28)-(31), we see that cy < cq 
is equivalent to an inequality dy < do with 

(i) doi ~ for i = 1, . . . , n, 

(ii) dzn = for some internal node z, 

(iii) duw ~ for some internal edge [u, w], and 

(iv) dij > for 1 < i < j < n. 

This immediately implies that do > and < de < do for all e G P. 

Next, we will show that de € {0, do} for all e g P. Suppose, for the sake of 
contradiction, that M := {[i,j] G E\0 < dij < do} ^ 0. Assuming that there is 
some internal edge [k, I] E M with [k, n], [I, n] ^ AI, we see that dkn ~ din = 0, 
since dki + d/n < do and dki + dkn < do- Thus, dy < do is dominated by the 
inequality dy < do, where dki = do and de = de for all e G E\{[k,l]}. Assuming 
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that there is some edge [m, n] such that [i,m] ^ AI for all internal nodes i ^ m, 
yields dim = for all internal nodes i ^ m. Therefore dy < do is dominated by 
the inequality d'y < do, where = do and d'^ = de for all e G ii^ \ {[TO,n]}. 
So we may assume in the sequel: 

(a) [i, n] G M or [j, ??] e M for each internal edge [i,j] G M; 

(b) for each edge [k, n] G -A/ there is an internal edge [i, k] G M. 

In particular, we deduce that M n {[i, j]|l <i<j<n — 1}^0 and A/ n 
{[i,n]\l < i < n - 1} 9. 

Let drs be the minimum over all edges in M n {[i, j]|l < i < j < n — 1} 
and dyn be the minimum over all edges in Mn{[i,n]|l < i < n — 1}. We now 
construct two different inequalities ay < ag and by < bo that together imply 
dy < do- The coefficients of the both inequalities we set as follows: 

V G £;\M, 
for l<i<j<n — 1, 
for 1 < fc < n — 1, 
for l<i<j<n^l, 
for 1 < fc < n — 1. 

It can be easily seen that dy < do is a convex combination of ay < oq and 
by < bo: 

(^'^o) ^ W I"/ (^'^o) + , 2' (b,bo)- 

Further, all three inequalities are pairwise nonequivalent; so it remains to be 
shown that the inequalities ay < ao and by < bo are vahd for n]-path(^''^"+i)- 
This can be done by checking a.y + ajn < ao and 6^ + bjn < for all 1 < z, j < 
rt — 1 with i ^ j. 

Let i and j be distinct nodes in {1, . . . ,n — 1}. 

CASE 1: [z,j],[j,7i] ^M. 

We have = bij = dij and ajn = bjn ~ djn- Thus, + a_,„ < oo and 
hj + bjn < bo, since dy + djn < do- 

CASE 2: [i,j]eM, [j,n]^M. 

Since < d^ < do, djn G {0,do}, and d,j + djn < do, we deduce that 
djn = 0. Hence, also ajn = bjn ~ 0. Since a.y = dij ~ d^s < dij, it follows that 
aij + ajn < ao- Due to (a), [i,n] G M, and since din > d„„, we deduce that 
dij < do - dyn. Thus, 6^ + 5j„ = dy + di,„ < do = bo- 

CASE 3: [i, j] ^ A/, [7,71] G A/. 

This implies that ay = &y = dy = and thus, bij + bjn < bo- Due to (b), 
there is some internal node I such that G M. Since dij > drs, we deduce 
that djn < do — drs and hence, Oy + ajn = djn + drs < do = ao- 

CASE 4: [z,j],[j,n] G Af. 
Clear. 



ao — — "07 
ci^j b^ij dij 
dij — dij dj-s 

^kn — dj^fi -\- dpg 

bij — dij dvn 

^kn — dkn dvn 
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Thus, in all four cases, the inequalities ay < qq and by < bo are valid for 
PjP r,]-path(^''^"+i)- ^® have shown that de G {0, do} for all e G and without 
loss of generality, we may assume that do ^ I. 

We resume: the facet defining inequahty dy < do satisfies (i)-(iii), do = 1, 
and de € {0, 1} for all e € E. Note that din = 1 for some internal node I implies 
that dii = for all internal nodes i ^ I. 

When din ~ for 1 <i<n— l,we deduce that de = 1 for all internal edges 
e 7^ [ujUi], i.e., dy < do is equivalent to the nonnegativity constraint y„m > 0. 

When din — 1 for all internal nodes i 7^ z, we see that de = for all internal 
edges e. Then, dy < do is equivalent to the nonnegativity constraint yzn > 0. 

In all other cases, i.e., for 1 < J27=i ^ n — 2, the inequality dy < do 
is not equivalent to a nonnegativity constraint which implies that for each edge 
e there is a tight [0, n] — 3-path containing e. Thus, d^ = 1 for all internal 
edges for which d,„ = dj„ = 0. Therefore, dy < do is a member of family 
(33). □ 

Next, we turn to the polytopes Pjq _ path(^"+i) "^hen 4 < p < n — 1. The 
integer points in Pj^ _ path(-^"+i) ^'^'^ characterized by the following model: 

yon = (34) 

yism - 1 (35) 

y{5{n)) = 1 (36) 

y(5(j))<2 yjeV\{0,n} (37) 

yiSU)\{e})-ye>0 W j eV\{0,n},eeS{j), (38) 

yiiS ■.V\S))>yiSi:j)) V 5 C 3 < |5| < n - 2, (39) 

O.neSJ eV\S 

y{E)=p (40) 

Xe e {0,1} V e e E. (41) 

Here, for any node sets S, T of V, y{{S : T)) is short for J2ies ^jeT J/y ' where 
the summation does not extend over loops (i, i) for i G S HT. 

The parity constraints (38) together with the degree (37) and the integral- 
ity constraints (41) ensure that every internal node has degree or 2. Hence, 
constraints (34) - (38) and the integrality constraint (41) are satisfied by the 
incidence vector of the node disjoint union of a simple [0, n]-path and simple 
cycles on the set of internal nodes. The one-sided min-cut inequality (39) is 
satisfied by the incidence vectors of simple [0, n]-paths but violated by the inci- 
dence vectors of the union of a simple [0, n]-path and simple cycles. Finally, the 
cardinality constraint (40) excludes all incidence vectors of [0,n]-paths which 
have a length that is not equal to p. 

Lemma 4.6. Let A < p < n — I and n > 6. // the equation 



cy = Co 

is satisfied by all [0, n] —p-paths, then there are a, /3, 7, such that CQi ~ a, Cin = P 
for all i Cz {I, ■ ■ ■ ,n — 1} and Cij ~ 7 for all i, j Cz {I, . . . ,n — 1}. 

Proof. Set S :— {l,...,n— 1} and let i,j,k,l be any distinct nodes in S and 
consider any [0, n] — p-path P that uses the edges [j, k] but does not visit 
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node I. Replacing node j by node I yields Cy + cjk = cu + cu- Next, consider 
any [0,n] — p-path P' that uses the edges [j, i], but does not visit the node 
k. Replacing node i by node k yields Cy + cu = Cjk + cu- We deduce that 
Cij ~ki and since \S\ > 5, we see that Cy = Cki for all distinct nodes z, j, kj G S. 
Denoting this common value by 7, it follows immediately that there are a, (3 
with coi = Oi and Ci„ ~ (3 for all i €z S. □ 

We are now well prepared to determine the dimension of Pjp _ ^^^^^{Kn+i) 
depending on n and p. For the sake of completeness we determine also the 
dimension of Pj^^^j _ ^^^^_^{Kn+i) when p = n. 

Theorem 4.7. Let n > p > 4. Then 

A{mPP (K \-l \E\-A i}p<n-l, 

^™^[o,n] - vath\^n+i} -y\E\^n-2 ifp = n>A. 

Proof. Using a convex hull code we see that AimP^^ ^^^^^^{Kq) ~ 11. Next, 
suppose that n > 6 and 4 < p < n — 1. We will show that (34)-(36) and 
(40) is a minimal equality subsystem for ^"[9 _ path(^"+i)' Since the equa- 
tions (34)-(36) and (40) arc linearly independent, Am\P^^ ^-^ _ ^^^^{Kn+i) < 
(n+i)n _ ^ remains to be shown that any equation that is satisfied by 
all y G ^[0 n] - path(-^"+i) ^® ^ linear combination of (34)-(36) and (40). Let 
cy = Co be such an equation. By Lemma 4.6, there are a,/?, 7 with coi = a, 
Cin = P for all internal nodes i and = 7 for all internal nodes i ^ j. Thus, 

(cy,co) = -/{y{E),p) 

+ («~7)(y(<5(0)),l) 

+ {con + 7 - a - f3){yon,0)- 

Finally, let p = n > 4. Theorem 7 of Grotschel and Padberg [11] implies that 
the dimension of the traveling salesman polytope QJ"*"^ defined on the complete 
graph on node set V is equal to — n — 1 for n > 2 and Theorem 8 of the 
same authors [11] says that the inequalities < 1 induce facets of Q^^^ 
for n > 3. Since Fon is isomorphic to P^ n]-path(-^"+i)' obtain the required 
result. □ 

A valid inequality cx < cq for the (0,n) — p-path polytope -Pq „_path(-^) 
said to be pseudo-symmetric if Cy = cji for all 1 < i < j < n — 1. It is easy to 
see that the undirected counterpart cy < cq of a pseudo-symmetric inequality 
cx < Co (obtained by setting coi = coi,Cin = Ci„ for all internal nodes i and 
Cij = = dj for aU 1 < i < j < n - 1) is facet defining for Pj^^^j _ ^^^^^{Kn+i) 

if cx < Co is facet defining for -Po „_path(^) i^^- i^^])- The argument that can 
be used to prove the statement is the following: assuming that cy < co does not 
induce a facet of P[o „] _ path(-^"+i)' then there is a facet inducing inequality 
dy < do for PP_^] _ p,th(^«+i) such that {y G P[^ „, _ p^^jX„+i)|cy = cq} C 
{y e ^fo,„] - path(^n+i)|dy - d„}. But then {x G Po'„-path(^)|cy - Co} C 
{x G P'o„_path(^)l'^y = "^o}, where dx < do is the directed counterpart of 
dy < do (obtained by setting doi = c?oi, din = din for all i G {1, . . . , n — 1} and 
dij = dji = dij for all 1 < i < j < n — 1). 
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Since the degree constraint (13) and the cut inequahties (14), (15), (18), and 
(21) are pseudo-symmetric , their undirected counterparts are facet defining for 

Corollary 4.8. Let 4 < p < n. 

(i) The degree constraint y (6 (j)) < 2 induces a facet of P^q - path^-^"-+'^) f'^^ 
every internal node j of G. 

(ii) Let S GV and 0,n € S . The min-cut inequality y{{S : yS*)) > 2 induces 
a facet of P^^^^^ _ ^^^^^{Kn+i) if 3 < \S\ < p. 

(Hi) Let S d V and 0,n S . The one-sided min-cut inequality y{{S : V\S)) > 
y{d{j)) defines a facet of P^^^^^^ _ ^^^^^{Kn+i) for every node j <eV\S. 

(iv) Let S <ZV and 0, n G S". The max-cut inequality y{{S : T)) < p— 1 defines 
a facet of P^^^^^ _ ^^j,^(A'„+i) if p is odd, S" \ {n} > p/2, and T > p/2. 

(v) Let S <ZV and e 5* and n (zT. The max-cut inequality y{{S : T)) < p/2 
induces a facet of P^^^^-^ _ p^tf^{Kn+i) ifp is even, \S\ > p/2, and \T\ > p/2. 

□ 

Finally, we show that the nonnegativity constraints > define facets of 
the [0,7i] -p-path polytope Pj^^^j _ ^^^^^{Kn+i). 

Theorem 4.9. Let 4 < p < n. The nonnegativity constraint 

ye>o (42) 

defines a facet of the [0, n] — p-path polytope -P^q „] _ pat/i(^^"+i) fo^ '^^^ edges 
e ^ [0,n] of Kn+i- 

Proof. When n < 5, (42) can be seen to be facet defining using a convex hull 
code; so assume that n > 6. Let cy — cq be an equation that is satisfied 
by every y S P[o „] - path('^"+i) '^ith He ~ 0. Since the lineality space of 
^[0 n] - path(^"+i) determined by the equations (34)-(36) and (40), wc may 
assume that co„ = 0, Com = Cmn = for some internal node m with [0, to] ^ 
e 7^ [m, n], and c/ = for some internal edge / 7^ e. 

Let g = [i,j],h = [fc, Z] G P \ {e} be not adjacent edges. Without loss of 
generality, wc may assume that the nodes j and I are not incident with edge e. 
Let P be any tight [0, n] — p-path that uses the edges [«, j], [j, k] but docs not 
visit node I. Replacing node j by node I yields another tight path and hence, 
Cij -\- Cjk = Cii -\- cik. Next, consider any tight [0,n] — p-path P' that uses the 
edges [j,i], [i,l] and does not visit node k. Replacing node i by node k yields 
another tight path and thus, Cij + Cjk = cu + cik- Adding both equations, we 
obtain Cg = Ch, and since \V \ {0,n}| > 5, this implies Cg = Ch for all internal 
edges g, h that are not equal to e. Now it is easy to see that also Cq^ = Cqj and 
Ckn = c/n for all edges [Oi], [Oj], [kn], [In] not equal to e. Since cgm = — 
and Cf — 0, it follows that Cg ~ Q for all edges g ^ e which implies also cq = 0. 
Hence, cx = cq is simply Ceye = 0. □ 
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4.3 Facets of the lower and upper directed (0, n) — p-path 
polytopes 

Theorem 4.10 (cf. Theorem 18 of Hartmann and Ozliik [10]). Let ck < 

Co induce a facet of the (0, n) — p-path polytope ^-path^^)' where A < p < n. 
If PL is the smallest (largest) value such that 

fix{A) + cx < yup + Co (43) 

is valid for the lower (upper) [Q^n) — p-path polytope, then (43) is facet inducing 
for the lower (upper) (0,n) — p-path polytope. □ 

Corollary 4.11. Let A < p < n. The nonnegativity constraints (12), degree 
constraints (13), one-sided min-cut inequalities (15), max-cut inequalities (17) 
- (22), jump inequalities (24), and cardinality-path inequalities (25) are facet 
defining for the lower (0, n) — p-path polytope, if the accordant conditions hold. 

□ 

Corollary 4.12. Let A < p < n, S CV, and Q,n E S. The inequality 

x{A) - x{{S : V \ S)) < p - 1 (44) 

induces a facet of the lower (0, n) — p-path polytope if and only if \S\ < p and 
\V\S\> 2. 

Proof. The inequality (44) is derived from the min-cut incquahty (14) with 
parameter /i = — 1. Hence it is facet defining, if 3 < \S\ < p and |y \ 5*1 > 2. 
When S = {0,n}, (44) is equivalent to the cardinality constraint x{A) < p and 
hence facet defining for the lower (0,n) — p-path polytope. 

Conversely, when \S\ > p+l, (44) is no longer valid, and when | V \ S*] = 1, 
n < p, a contradiction. □ 
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